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Abstract. The |ikelihood principle of Bayesian statistics inplies
that information about the experinental design from which
evidence is collected does not enter into the statistical

analysis of the data. In the present paper, | argue that

i nformati on about the experinental design is neverthel ess of

val ue for an assessnent of the reliability of the experiment,
which is a pre-experinmental neasure of how well a contenpl ated
experinment is expected to discrimnate between hypot heses. | show
that reliability assessnents enter into Bayesian inquiries and

elimnate sone extrenme cases of optional stopping.
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1. Introduction. According to Bayes' theorem the rel evant
information froman experinent is contained in the |ikelihood
function P(x|2). This function summari zes the probability of the
experinmental evidence x occurring under each hypot hesis about an
unknown paraneter value 2. Summari zing evidence in this way
entails that, if any two instances of evidence yield |likelihood
functions which are the sane apart from sone constant factor,
then the inferences drawn fromthe experinents should be the
sane. Stated formally, if P(x|2) = cP(x"|2), where c is sone
positive constant and x and x" denote instances of evidence from
different experinents investigating the sane hypot heses about 2,
then the two instances of evidence have identical evidential
inmport. This inplication is known as the likelihood principle.?
A corollary of the likelihood principle is that details
about sone aspects of the experinental design do not enter into
the statistical analysis of the evidence. This corollary is often
cited as an advantage of Bayesi an statistical analysis over
frequentist statistical analysis, since the latter summari zes
evi dence through error probabilities and thus is influenced by
i nformati on about the design. My main objective in the follow ng
sections of this paper is to show that the inplications of the
i kelihood principle are sonewhat limted in experinental
practice. After providing a detailed description of the

I'i kelihood principle' s consequences for the design of
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experinments, | maintain that a major concern in any statistica
inquiry is the reliability of one's experinment. Reliability

i ndi cates how wel |l an experinment can distinguish a true

hypot hesis from anong alternatives. | argue that reliability
assessnments will restrict Bayesians' choices of experinental
designs and thereby elimnate sone extrene cases where a question

of optional stopping m ght otherw se arise.

2. The Likelithood Principle and Experimental Design. An
inplication of the likelihood principle is that it renders
irrel evant certain aspects about the design of the experinent
fromwhich the evidence was collected. This consequence is best
under st ood when evaluating the validity of optional stopping

pl ans. Edwards, Lindman, and Savage (1963, 193) note:

The |ikelihood principle enphasized in Bayesian statistics
i nplies, anong other things, that the rul es governi ng when
data collection stops are irrelevant to data interpretation.
It is entirely appropriate to collect data until a point has
been proven or disproven, or until the data collector runs

out of time, noney, or patience.

To see the full inport of the |ikelihood principle for optional

stopping, consider the followng illustration, which is
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oversinplified fromactual practice in order to highlight the

t heoretical point. Suppose that a researcher is conducting a

bi nom al experinment to investigate whether a new drug is better
than a placebo. In the experinent, each trial is a conparative
recovery rate on a pair of subjects. Each trial is independent,
given the treatnent effects, and takes the value of "O0O"
("unfavorable" to the new drug) or "1" ("favorable" to the new
drug). The experinent tests a set of hypotheses H, and H,
regardi ng the value of the paraneter 2, which indicates the true
probability of a "favorable" outcone. Specifically, the
experinment tests the hypothesis Hy: 2 = 2, = %»and H;: 2 = 2, =t,
where t is sone value greater than % The researcher's prior
probability distribution over the two hypotheses is uniform
(i.e., P(Hy) = P(H) = .5).

Suppose that the researcher starts conducting trials and
cal cul ates the likelihood function after each trial. In this
case, the likelihood function is captured by the likelihood ratio
P(x| 2,) /P(X| 2,) . Suppose al so that the researcher plans to stop
t he experinment only when P(X|2;) exceeds P(x| 2, by the critica
ratio 8, at which point the researcher will judge H, to be
confirmed and report its posterior probability. O herw se, the
researcher will continue to conduct trials. If the researcher
observes the desired critical ratio after, say, 50 trials, then

it should nmake no difference to the interpretation of the result
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to know that it came froma sequential arrangenent that stopped
once the researcher observed desirabl e evidence.? Because the
evidence is sunmarized in the likelihood function, the inport of
t he evidence fromthe sequential design is the same as it would
have been had the researcher intended to conduct a fixed-sanpl e-
size experinment of 50 trials. The respective |ikelihood functions
of the instances of evidence fromthe sequential experinent and
t he fixed-sanpl e-size experinent would be constant multiples of
each other, which is reflected in the identical |ikelihood

rati os. Consequently, information about the design of the
experinment is of no inferential value.

In contrast to the Bayesi an approach, the frequenti st
approach to statistical inference does not entail this
consequence. The frequentist approach rests primarily on the
Neyman and Pearson (1933) theory of hypothesis testing. Wat
researchers seek froman application of a Neyman-Pearson test is
the probability that an error has been commtted when a
particul ar hypot hesis has been accepted. In a choice between two
hypot heses H, and H, about 2 with evidence x, a researcher nust
consider two possible errors: either a) erroneously concl udi ng
that H, is true or b) erroneously concluding that Hy, is true. The
probability of the former error is denoted "™ and the latter $.
Any two experinents yielding evidence corresponding to identical

and $ probabilities will have the sane evidential inport.



The Likelihood Principle ®
Page 7

Error probabilities will be influenced by the design of the
experinment. Suppose that a researcher applying a Neynman- Pearson
test attenpts to establish the truth of H;, (i.e., reject H,) by
sanpling until obtaining evidence corresponding to an " |evel
(also called the "significance" level) of .05. Under this
circunstance, the " level calculated for a fixed-sanple-size test
wi |l not be appropriate for evaluating the evidence. Because the
researcher is continually | ooking for a "significant" result,
there will be a higher probability of finding one purely by
chance than if the test were perfornmed nerely once, at the final
stage of the experinent, as in a fixed-sanple-size experinent. In
fact, Ansconbe (1954, 92-93) has noted that the |law of the
iterated | ogarithm shows that, with probability one, a
significant result will occur if the researcher continues to
sanpl e and apply a fixed-sanpl e-size test.

To conpensate for this problemof reasoning to a foregone
concl usi on, procedures have been devel oped that adjust the ™
| evel according to the nunber of tinmes a test is applied while
evi dence is accunul ating. Armtage, MPherson, and Rowe (1969,
236-237) have outlined a sequential plan for this purpose. They
note that, to calculate the error probability of rejecting H,
when a test is applied after each trial, the researcher nust
determ ne the probability, given the truth of H, that a

significant result will occur on or before the given trial. This
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"overall" significance |level wll be larger than the nom nal
significance |evel of the fixed-sanple-size experinent, and, as
the sanple size increases, the overall probability will beconme

very |large and approach one.

3. The Reliability of Experiments. There is a fundanent al
difference in concerns between Bayesian statistical analysis and
frequentist statistical analysis underlying each's respective
consequences for the design of experinents. Bayesian statistical
analysis is concerned primarily with yielding nunerical neasures
of the degree to which evidence confirns the hypot heses being
assessed (see Howson (1997, 268-279)). This probabilistic
characterization of the relationship between evidence and

hypot heses inplies that any bearing that the evidence has on the
hypot heses is contained only in the outcone actually observed.?
The ot her instances of evidence and the frequencies with which
they occur are irrelevant to the inport of the obtained evidence
and do not enter into the statistical analysis. In the exanple
consi dered above, the fact that the Bayesian sequential plan wll
only termnate with evidence confirmng hypothesis H;,, and wl
never termnate with evidence confirm ng hypothesis H,, has no
bearing on the statistical analysis once evidence in favor of H,
i s observed.

In contrast to Bayesian statistical analysis, frequentist



The Likelihood Principle ®
Page 9

statistical analysis requires a researcher to average over
possi bl e observati ons when maki ng an i nference. Consequently, if
a researcher attenpts to establish the truth of H; through a
sequential sanpling plan that could never indicate significant
evi dence for H,, then such information will enter into the
statistical analysis. Mayo (1996, 7) notes that this information
permts researchers to performan assessnent of the reliability
of the experinment being used to collect the evidence. A Reliable
experinment is one which, with a high probability, can indicate
the true hypothesis anong alternatives. The neasure of
reliability reflects the efficiency of the experinent and is
attached to the | ong-run success of the design chosen by the
researcher (see Hacking (1980, 143)).

How wel | an experinent facilitates choosing the true
hypot hesis will depend upon the specific design selected by the
researcher. Wien pl anning an experinment to test hypothesis H;
agai nst H,, for exanple, a researcher interested in assuring with
a high probability that the true hypothesis is chosen m ght apply
a design that reduces "™ to .05 and $to .05. Only 5% of the tine
will this nmethod erroneously accept H, and only 5% of the tine
will it erroneously accept H,. In the restricted, technical sense
in which the term"reliable" is being used here, such an
experinment woul d be considered highly reliable, and consi dered

nore reliable than one that nerely focuses on the probability of
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erroneously accepting a particul ar hypothesis, such as H,.

4. Reliability and Bayesian Inference. A Bayesi an researcher
interested in successfully identifying the true hypothesis from
anong a group of alternatives should be no | ess concerned than a
frequentist researcher with the reliability of the experinent
used to collect the evidence. In particular, the Bayesian should
choose an experinmental plan that wll permt an hypothesis to be
confirmed if that hypothesis is actually true.

To see how a Bayesian plan can be ill-suited to this goal
and, hence, unreliable, consider the followng illustration.
Suppose that a researcher desires to conduct a bi nom al
experinment wth independent trials testing Hy: 2 = 2, = s agai nst
H: 2 =2, =t, where t is sone value greater than s. Assune that
the researcher's prior probability distribution over the two
hypot heses is uniform(i.e., P(H,) = P(H;) = .5). Consider two
di fferent Bayesi an experinental plans that the researcher m ght
use. The first plan, E, is a sequential plan that attenpts to
establish the truth of hypothesis H,. In this plan, the
experinment stops only when, and if, P(x|2,) exceeds P(x| 2, by
the critical ratio 8, at which point the researcher will judge H,
to be confirmed and report its posterior probability.

The ot her experinmental plan, E", is also a sequential plan.

It is carried out according to the follow ng rul es:
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(1) I'f P(x|2)/P(x|2,) > 8, then stop the experinent and

report the posterior probability of H, (i.e., confirmH,).

(2) I'f P(x|2)/P(x|2,) < (, then stop the experinent and

report the posterior probability of Hy (i.e., confirmH,).

(3) If neither (1) nor (2) obtain, continue sanpling.

Unlike plan E, this plan permts an assessnent of the truth of H,
as well as H,. Furthernore, with probability one, the plan wll
term nate.

Suppose that the researcher begins collecting evidence and
that, after, say, the 50th trial, observes a likelihood ratio of
(. Howthis evidence is interpreted will depend upon which
sanpling plan the researcher adopted at the start of the
experinment. If the researcher adopted plan E, then the inference
at the 50th trial will be to "continue sanpling." If, however,
the researcher adopted plan E®, then the inference at the 50th
trial will be to "stop the experinment and report the posterior
probability of H,." The two experinental plans yield different
results even though the evidence collected by the 50th trial is
t he sane.

In this illustration, plan E is unreliable. The plan wll

never permt the researcher to stop the experinent with
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confirmng evidence for H,. In fact, at a particular trial n, the
researcher may observe evidence that has a |likelihood ratio
extrenely favorable to H,, and the researcher may continue to
observe such evidence favorable to H, as the experinent

continues, but such data cannot be used as disconfirm ng evidence
agai nst H,. The broader inplication here is that the researcher
has no guarantee that the experinment will ever stop. Kadane,
Schervi sh, and Seidenfeld (1996, 1229) have provided a formula
for determning the positive probability of non-term nation of an
experinment such as E. Wiere pis the "prior" probability of H;
and g is its "posterior" probability, the bound for the
conditional probability of term nating an experinment when H, is
false is p(1-q)/q(1-p). |If the researcher carrying out plan E
requires the critical ratio 8 to be such that q = .99, then
(given p = .5) the probability of term nating the experinment when
H, is false will not exceed .01. Any attenpt to increase the
probability of termnation will be offset by an increased
probability of confirmng H, when H, i s actually true.

The practical consequences of adopting plan E are quite
serious. Suppose that, during the course of a career in which
different experinental processes are investigated, a researcher
expects H, to be true approximately 50% of the tinme. If the

researcher continually applies plan E, then approxi mately half of
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the experinents will either yield no conclusion at all or |ead
the researcher to confirmH; when in fact H, is true. Mbreover,
if there is any cost at all to experinentation, then the expected
costs of adopting plan E will be boundl ess.*

The problens just cited are not restricted to Bayesian
sequenti al experinents. A Neyman-Pearson experinent that permts
a researcher only to accept H, wll also be unreliable. The

adj ustmrent of the probability for such a plan, as Armtage,
McPher son, and Rowe (1969, 236-237) prescribe, does not avoid the
fact that the plan will never permt the researcher to accept H,.
A nore reliable experinent would be Wal d's (1947, 37-44)
sequential probability ratio plan. This plan incorporates error
probabilities, but it also permts hypothesis H, to be accepted

and, hence, does not require the excessive adjustnments of

probabilities as does Arm tage, MPherson, and Rowe's pl an.

5. Conclusion. According to Bayesian inference, the inport of
evi dence from an experinent depends only on the likelihood
function determ ned by the evidence observed. Sone features of
t he experinental design are of no inferential value. This
consequence pertains to the post-experinental neasure of the
degree to which a specific instance of evidence confirns

hypot heses. | have argued in the present paper that in

experinmental practice researchers also are concerned with the
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pre-experinmental nmeasure of the reliability of an experinment. A
measure of reliability indicates how good an experinental design
is at distinguishing the true hypothesis. Such information is of
val ue to Bayesian statistical inquiry as well as frequenti st
statistical inquiry. Consequently, both a Bayesian and a
frequentist will refrain fromusing particular sequential plans
that are often presented to show particul ar advant ages of
Bayesi an statistical analysis over frequentist statistical

anal ysis. Nonethel ess, there remain serious practical cases where
t he di spute over optional stopping remains a live issue, such as

in inverse sanpling.
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NOTES
t | thank Deborah Mayo and Merrilee Sal non for commenting on an
early draft of this paper. | amparticularly indebted to Teddy

Seidenfeld for his comments and gui dance on two recent drafts of

t hi s paper.

1 See Berger and Wl pert (1984) and Bi rnbaum (1962) for
conpr ehensi ve di scussions of the likelihood principle. The
principle al so has been di scussed in the work of Edwards,

Li ndman, and Savage (1963, 237-238), Hacking (1965, 106-109),
Mayo (1996, 337-359), and Savage (1962, 17-18).

2 Kadane, Schervish, and Seidenfeld (1996) have shown that, with
such a sanpling plan, the researcher cannot be certain that the

plan will stop.

® Birnbaum (1962, 271) | abels this assunption the principle of
conditionality. It asserts the "irrel evance of experinents not
actually perfornmed." For a detailed discussion of the principle

of conditionality, see Berger and Wl pert (1984, 5-18).

4 This consequence was recogni zed by Teddy Seidenfeld and shared

wi th me during personal conmunication.
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